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We consider an elliptic–hyperbolic model of phase transitions and
we show that any Lax shock can be approximated by a traveling
wave with a suitable choice of viscosity and capillarity. By varying
viscosity and capillarity coeﬃcients, we can cover any Lax shock
which either remains in the same phase, or admits a phase
transition. The argument used in this paper extends the one in our
earlier works. The method relies on LaSalle’s invariance principle
and on estimating attraction region of the asymptotically stable
of the associated autonomous system of differential equations.
We will show that the saddle point of this system of differential
equations lies on the boundary of the attraction region and that
there is a trajectory leaving the saddle point and entering the
attraction region. This gives us a traveling wave connecting the two
states of the Lax shock. We also present numerical illustrations of
traveling waves.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
We are interested in the global existence of traveling waves for the following diffusive–dispersive,
elliptic–hyperbolic model of phase transitions
∂t v − ∂xσ(w) =
(
λ′(w)w
2
x
2
− (λ(w)wx)x
)
x
+ (μ(w)vx)x,
∂t w − ∂xv = 0, (1.1)
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stress σ = σ(w), w > −1 is a twice differentiable function. The function μ = μ(w) > 0, w > −1
characterizes the viscosity and is assumed to be continuously differentiable. The function λ = λ(w),
w > −1 represents the positive capillarity and is assumed to be twice continuously differentiable.
The reader is referred to LeFloch [11] for the derivation of the diffusive–dispersive model of elasto-
dynamics and phase transitions (1.1). The model (1.1) is assumed to be elliptic–hyperbolic in the sense
that there are two values −1 < a < b such that
σ ′(w) > 0, w ∈ (−1,a) ∪ (b,+∞),
σ ′(w) < 0, w ∈ (a,b),
wσ ′′(w) > 0, w = 0, lim
w→−1σ(w) = −∞, limw→+∞σ(w) = +∞. (1.2)
Under the assumptions (1.2) the system of conservation laws
∂t v − ∂xσ(w) = 0,
∂t w − ∂xv = 0, (1.3)
is strictly hyperbolic in the regions −1 < w < a and w > b, and elliptic in the region a < w < b,
see [14]. See also [13,12,15] for Lax shocks and phase transitions of similar systems of conservation
laws.
In our recent work [21], we established the existence of traveling waves of (1.1) associated with
a Lax shock under the assumptions that the model is strictly hyperbolic, i.e. σ ′ > 0, and that the left-
hand and right-hand states constraint to each other by an “equal-area” rule. In this paper, we extend
our analysis to the case of the elliptic–hyperbolic model under the assumptions (1.2). The conditions
on viscosity and capillarity coeﬃcients are also relaxed. We improve the existence result so that any
Lax shock can be approximated by a traveling wave by varying viscosity and capillarity coeﬃcients if
necessary.
The topic of traveling waves of conservation laws with viscosity and capillarity has been attracting
many authors. Traveling waves for diffusive–dispersive scalar equations were earlier studied by Bona
and Schonbek [5], by Jacobs, McKinney, and Shearer [9]. The existence of traveling waves for viscous-
capillary models was established by Hayes and LeFloch [8], then by Bedjaoui and LeFloch [3,4,2], and
a recent joint work by Bedjaoui, Chalons, Coquel and LeFloch [1]. In these works, the authors focus on
traveling wave associated with nonclassical shocks. Traveling waves of the hyperbolic–elliptic model
of phase transition dynamics were also studied by Slemrod, Fan [19,20,6,7], Shearer and Yang [18]. In
our works Thanh [25,24,21,22], we focus on traveling waves associated with Lax shocks. This approach
together with the one by Bedjaoui–LeFloch could give a larger vision and better understanding of
traveling waves for the same or analogous models. Observe that the Lax shocks for more general
systems such as the model of ﬂuid ﬂows in a nozzle with variable cross-section and the shallow
water equations were studied by LeFloch and Thanh [16,17], Kröner, LeFloch and Thanh [10], and
Thanh [23]. See also the references therein for related works.
The organization of the current paper is as follows. In Section 2 we provide basic properties of the
elliptic–hyperbolic model (1.3): elliptic-hyperbolicity, Lax shock inequalities, and recall the traveling
waves of (1.1), and we also identify the asymptotically stable equilibrium point and the saddle point
of the associated system of differential equations. In Section 3 we establish the global existence of
traveling waves based on LaSalle’s invariance principle and the method of estimating attraction region
we developed in our earlier works. We then show that the saddle point lies on the boundary of the
attraction region of the asymptotically stable node and that there is a trajectory leaving the saddle
point enters this region of attraction. Finally, we present some numerical illustrations of traveling
waves.
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2. Preliminaries
First, we look at the elliptic-hyperbolicity of the system (1.3). The Jacobian matrix of the system
(1.3) is given by
A(v,w) =
(
0 −σ ′(w)
−1 0
)
which gives the characteristic equation
det(A − λI) = λ2 − σ ′(w) = 0.
Thus, the Jacobian matrix A admits two real and distinct eigenvalues depending only on w:
λ1(w) = −
√
σ ′(w) < 0 < λ2(w) =
√
σ ′(w), (2.1)
for −1 < w < a and w > b and thus the system is strictly hyperbolic in these regions. For a <
w < b the matrix A has two imaginary eigenvalues and the system is elliptic. The phase domains are
understood to be the hyperbolic domains in the (v,w)-plan, i.e., the regions 1 < w  a and w  b.
See Fig. 1.
Second, we recall the concept of Lax shock of (1.3). Set u = (v,w). A discontinuity of (1.3) connect-
ing two given states u− = (v−,w−), u+ = (v+,w+) with the propagation speed of discontinuity s is
a weak solution of (1.3) of the form
u(x, t) =
{
(v−,w−) if x < st,
(v+,w+) if x > st,
(2.2)
and satisﬁes the Rankine–Hugoniot relations
s(v+ − v−) +
(
σ(w+) − σ(w−)
)= 0,
s(w+ − w−) + (v+ − v−) = 0. (2.3)
It follows from (2.3) that
s2(u−,u+) = σ(w+) − σ(w−)
w − w  0,+ −
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speed simply by s = s(w−,w+).
An i-Lax shock of (1.3) connecting the left-hand and the right-hand states u− = (v−,w−) and
u+ = (v+,w+), respectively, with the shock speed s = s(w−,w+) is a discontinuity of the form (2.2)
and satisﬁes the following Lax shock inequalities
λi(w+) < s(w−,w+) < λi(w−), i = 1,2, (2.4)
where λi(w), i = 1,2 are characteristic speeds given by (2.1). It is not diﬃcult to verify that for a
1-Lax shock, the shock speed is given by
s(w−,w+) = −
√
σ(w+) − σ(w−)
w+ − w−  0,
and for a 2-Lax shock, the shock speed is given by
s(w−,w+) =
√
σ(w+) − σ(w−)
w+ − w−  0.
Thus, the Lax shock inequalities for a 1-Lax shock read
−√σ ′(w+) < −
√
σ(w+) − σ(w−)
w+ − w− < −
√
σ ′(w−),
or
σ ′(w+) >
σ(w+) − σ(w−)
w+ − w− > σ
′(w−).
Since σ ′(w−) 0, the Lax shock inequalities imply
s = s(w−,w+) = −
√
σ(w+) − σ(w−)
w+ − w− < 0.
And, the Lax shock inequalities for a 2-Lax shock read
√
σ ′(w+) <
√
σ(w+) − σ(w−)
w+ − w− <
√
σ ′(w−),
or
σ ′(w+) <
σ(w+) − σ(w−)
w+ − w− < σ
′(w−).
Since σ ′(w+) 0, the Lax shock inequalities also imply
s = s(w−,w+) =
√
σ(w+) − σ(w−)
w+ − w− > 0.
Thus, we arrive at the following lemma.
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always negative, and the shock speed of any 2-Lax shock is always positive.
Next, let us consider traveling waves of (1.1). We call a traveling wave of (1.1) connecting the
left-hand state (v−,w−) and the right-hand state (v+,w+) a smooth solution of (1.1) of the form
(v,w) = (v(y),w(y)), y = x− st where s is a constant, and satisfying the boundary conditions
lim
y→±∞(v,w)(y) = (v±,w±),
lim
y→±∞
d
dy
(
v(y),w(y)
)= lim
y→±∞
d2
dy2
(
v(y),w(y)
)= (0,0). (2.5)
Substituting (v,w) = (v,w)(y), y = x− st into (1.1), and re-arranging terms, we get
sv ′ + (σ(w))′ = (λ′(w)w ′2
2
+ λ(w)w ′′
)′
− (μ(w)v ′)′,
sw ′ + v ′ = 0,
where (.)′ = d(.)/dy. Integrating the last equations on the interval (−∞, y), using the boundary con-
ditions (2.5), we obtain
s(v − v−) +
(
σ(w) − σ(w−)
)= λ′(w)w ′2
2
+ λ(w)w ′′ − μ(w)v ′,
s(w − w−) + (v − v−) = 0. (2.6)
By letting y → +∞, we can see that s and (v±,w±) satisfy the Rankine–Hugoniot relations (2.3).
Substituting v − v− = −s(w − w−), v ′ = −sw ′ from the second equation in (2.6) into the second one,
we obtain a second-order differential equation for the unknown function w:
−s2(w − w−) +
(
σ(w) − σ(w−)
)= λ′(w)w ′2
2
+ λ(w)w ′′ + sμ(w)w ′
or
w ′′ = − λ
′(w)
2λ(w)
w ′2 − sμ(w)
λ(w)
w ′ + σ(w) − σ(w−) − s
2(w − w−)
λ(w)
. (2.7)
Obviously, we can reduce the second-order differential equation (2.7) to the following 2 × 2 system
of ﬁrst-order differential equations
dw
dy
= z,
dz
dy
= − z
2λ(w)
(
λ′(w)z + 2sμ(w))− h(w)
λ(w)
, −∞ < y < +∞, (2.8)
where
h(w) = s2(w − w−) −
(
σ(w) − σ(w−)
)
.
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dU
dy
= F (U ), −∞ < y < +∞, (2.9)
where
U = (w, z), F (U ) =
(
z,− z
2λ(w)
(
λ′(w)z + 2sμ(w))− h(w)
λ(w)
)
.
The above argument reveals that a point U in the (w, z)-phase plane is an equilibrium point of the
autonomous differential equations (2.9) if and only if U = (w±,0), where w± and the shock speed s
are related by (2.1).
Since h(w±) = 0, the Jacobian matrix of the system (2.9) is given by
DF(w±,0) =
(
0 1
σ ′(w±)−s2
λ(w±) −
sμ(w±)
λ(w±)
)
. (2.10)
The characteristic equation of DF(v±,0) is then given by
∣∣DF(w±,0) − β∣∣=
∣∣∣∣∣
−β 1
σ ′(w±)−s2
λ(w±) −
sμ(w±)
λ(w±) − β
∣∣∣∣∣= 0,
or
β2 + sμ(w±)
λ(w±)
β + s
2 − σ(w±)
λ(w±)
= 0. (2.11)
Assume now that the two states u− = (v−,w−) and u+ = (v+,w+) are the left-hand and right-
hand states of a Lax shock, respectively. As seen above, if the Lax shock is a 2-shock, then s > 0 and
the characteristic equation |DF(w−,0) − β| admits two real roots with opposite sign, and that the
characteristic equation |DF(w+,0) − β| admits two roots with negative real parts. Similar conclusions
hold for a 1-Lax shock. This leads us the following statements.
Proposition 2.2.
(i) Given a 1-Lax shock of the elliptic–hyperbolic model (1.3) under the conditions (1.2) with the left-
hand and right-hand states u− = (v−,w−), u+ = (v+,w+), respectively, and the shock speed
s = s1(w+,w−) < 0. Then, the point (w−,0) is an asymptotically stable node, and the point (w+,0)
is a saddle of the associated system of differential equations (2.8).
(ii) Given a 2-Lax shock of the elliptic–hyperbolic model (1.3) under the conditions (1.2) with the left-
hand and right-hand states u− = (v−,w−), u+ = (v+,w+), respectively, and the shock speed
s = s2(w+,w−) > 0. Then, the point (w+,0) is an asymptotically stable node, and the point (w−,0)
is a saddle of the associated system of differential equations (2.8).
Next, let us investigate some useful properties of the stress function σ and their connections to
Lax shocks. For any w > −1, there is exactly one value, denoted by ϕ(w), such that
σ ′
(
ϕ(w)
)= σ(ϕ(w)) − σ(w)
ϕ(w) − w . (2.12)
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then (ϕ(w),σ (ϕ(w))) is the tangent point. Under the assumptions (1.2), it is easy to verify that the
function w → ϕ(w),w > −1 is strictly decreasing and satisﬁes
wϕ(w) < 0, w = 0.
On the other hand, for any w > −1 there is exactly one value, denoted by ϕ−(w), such that
σ ′(w) = σ(ϕ
−(w)) − σ(w)
ϕ−(w) − w . (2.13)
In other words, (ϕ−(w),σ (ϕ−(w))) is the intersection point of the tangent line to the graph of the
function σ at the point (w, σ (w)). One can check that the function w → ϕ−(w),w > −1 is strictly
decreasing and satisﬁes
wϕ−(w) < 0, w = 0.
Moreover, the functions ϕ and ϕ− are the inverse of each other:
ϕ−
(
ϕ(w)
)= w, ϕ(ϕ−(w))= w, w > −1.
It is not diﬃcult to check that given a left-hand state (v−,w−) the Lax shock inequalities (2.4) select:
(i) For 1-Lax shocks: the regions outside the closed interval between ϕ−(w−) and w− . Pre-
cisely, if w−  0 then w+ ∈ (−1,ϕ−(w−)) ∪ (w−,+∞), and if w− < 0 then w+ ∈ (−1,w−) ∪
(ϕ−(w−),+∞);
(ii) For 2-Lax shocks: the open interval between ϕ(w−) and w− . Precisely, if w−  0 then w+ ∈
(ϕ(w−),w−), and if w− < 0 then w+ ∈ (w−,ϕ(w−)).
Remark. In the sequel, we need only treat the case of a 2-Lax shock, where, in view of Proposition 2.2,
the point (w+,0) is asymptotically stable. The case for a 1-Lax shock can be treated similarly, since
the point (w−,0) is asymptotically stable for a 1-Lax shock the selection of the Lax shock inequalities
for a given right-hand state (v+,w+) is basically the same as the one for a 2-Lax shock with a
given left-hand state (v+,w+). This means that given a right-hand state (v+,w+) the Lax shock
inequalities (2.4) select the open interval between ϕ(w+) and w+ .
Now ﬁx a 2-Lax shock between the left-hand state (v−,w−) and right-hand state (v+,w+) with
a shock speed s = s(w−,w+). For deﬁnitiveness, we can assume without loss of generality that
w− > w+.
Since w+ ∈ (ϕ(w−),w−), the line between the two points (w−, σ (w−)) and (w+, σ (w+)) cuts the
graph of σ at another point, denoted by (ϕ#(w−,w+),σ (ϕ#(w−,w+))), such that
s2(w−,w+) = σ(w−) − σ(w+)
w− − w+ =
σ(w−) − σ(ϕ#(w−,w+))
w− − ϕ#(w−,w+) . (2.14)
See Fig. 2.
It is not diﬃcult to check that the function ϕ#(w−,w+) is strictly decreasing in each variable and
that for the given Lax shock it holds
ϕ−(w−) < ϕ#(w−,w+) < ϕ(w−) < w+ < w−. (2.15)
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Example 2.1. Suppose that the stress function σ in the region w > w0 > −1 is given by
σ(w) = 3w3 − w.
Then, it is easy to check that
ϕ(w) = −w
2
,
ϕ−(w) = −2w,
ϕ#(w−,w+) = −w− − w+.
We terminate this section by the following lemma.
Lemma 2.3. Consider the function h(w) = s2(w − w−) − (σ (w) − σ(w−)). Under the assumptions (1.2), it
holds that
h(w) < 0, ϕ#(w−,w+) < w < w+,
h(w) > 0, w+ < w < w−,
h(w±) = h
(
ϕ#(w−,w+)
)= 0. (2.16)
Proof. First, we have
h(w) = (w − w−)
(
s2 − σ(w) − σ(w−)
w − w
)
> 0, w+ < w < w−,
−
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of (3.1). Second, the graph of σ lies above the secant line between two values ϕ#(w−,w+) and w+ .
Thus,
σ(w) − σ(w−)
w − w− >
σ(w+) − σ(w−)
w+ − w− = s
2,
so that
h(w) = (w − w)
(
s2 − σ(w) − σ(w−)
w − w−
)
< 0, ϕ#(w−,w+) < w < w+.
This gives the conclusion in the ﬁrst line in (2.16). The identities in the third line of (2.16) is obvious.
The proof of Lemma 2.3 is complete. 
3. Main result
As observed earlier, we consider only the case of a 2-Lax shock, since the case of a 1-Lax shock can
be treated similarly. Given a 2-Lax shock of the elliptic–hyperbolic model (1.3) under the conditions
(1.2) connecting the left-hand and right-hand states u− = (v−,w−) and u+ = (v+,w+), respectively,
with the shock speed s = s(w−,w+). Suppose for deﬁnitiveness that
w+ < w−.
It follows from Lemma 2.3 that for any value wm so that ϕ#(w−,w+) < wm < w+ ,
θ :=
( w−∫
w+
h(w)dw
)−1 ϕ#(w−,w+)∫
wm
h(w)dw (3.1)
is a ﬁnite positive number: 0 < θ < +∞. Set
m := min
ϕ#(w−,w+)ww−
μ(w),
γ := min
ϕ#(w−,w+)ww−
λ(w),
κ := max
ϕ#(w−,w+)ww−
∣∣λ′(w)∣∣. (3.2)
Our main result in this paper is the following.
Theorem 3.1. Under the assumptions (1.2), assume in addition that the viscosity μ(w) and the capillarity
λ(w) satisfy
γ >
(s2 − σ ′(0))m|w− − w+|
2sκ
,
max
ϕ#(w−,w+)wwm
λ(w) < θ min
w+ww−
λ(w), (3.3)
where γ ,m, κ are deﬁned by (3.2) and θ is deﬁned by (3.1), for some wm ∈ (ϕ#(w−,w+),w+). Then, there
exists a traveling wave of (1.1) connecting the states (v−,w−) and (v+,w+).
The proof of Theorem 3.1 relies on several results, which will be established in the following.
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Let us investigate properties of equilibria of the autonomous system (2.8). Deﬁne a Lyapunov-type
function candidate
D :=
{
(w, z)
∣∣∣ ϕ#(w−,w+) < w < w−, −2sκ
m
< z <
2sκ
m
}
,
L(w, z) :=
w∫
w+
h(ξ)
λ(ξ)
dξ + z
2
2
, (w, z) ∈ D, (3.4)
where m, κ are deﬁned by (3.2). As seen in the previous section, we have s > 0. Thus, we D is
a nonempty open set containing (w+,0).
The following lemma indicates that the function L deﬁned above is a Lyapunov-type function.
Lemma 3.2. The function L deﬁned by (3.3)–(3.4) is a Lyapunov-type function in D in the sense that
L(w+,0) = 0, L(w, z) > 0, for (w, z) ∈ D \
{
(w+,0)
}
,
L˙(w, z) < 0 in D \ {z = 0},
L˙(w, z) = 0 on D ∩ {z = 0}, (3.5)
where L˙ denotes the derivative of L along trajectories of (2.8).
Proof. First, we have immediately
L(w+,0) = 0, L(w, z)
w∫
w+
h(ξ)
λ(ξ)
dξ > 0, (w, z) ∈ D, w = w+,
which establishes the ﬁrst line of (3.5). Second, the derivative of L along trajectories of (3.3) can be
estimated as follows
L˙(w, z) = ∇L(w, z) ·
〈
dw
dy
,
dz
dy
〉
=
〈
h(w)
λ(w)
, z
〉〈
z,− z
2λ(w)
(
λ′(w)z + 2sμ(w))− h(w)
λ(w)
〉
= − z
2
2λ(w)
(
λ′(w)z + 2sμ(w))
< − z
2
2λ(w)
(−m|z| + 2sκ)< 0,
for (w, z) in D, z = 0. This completes the proof of Lemma 3.2. 
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From Lemma 2.3, we deduce that the function w → L(w,0) is strictly decreasing in the interval
(ϕ#(w−,w+),w+) and is strictly increasing in the interval (w+,w−). Thus, given any
0 < ε < min
{
L
(
ϕ#(w−,w+),0
)
, L(w−,0)
}/
2,
there are exactly two values w∗ and w∗ so that
ϕ#(w−,w+) < w∗ < w+ < w∗ < w−,
ε = L(ϕ#(w−,w+),0)− L(w∗,0) = L(w−,0) − L(w∗,0). (3.6)
It is derived from (3.3) that we can select a positive constant M such that
s2 − σ ′(0)
γ
< M <
2sκ
m|w− − w+| . (3.7)
We set
Gε =
{
(w, z)
∣∣∣ (w − w+)2
(w+ − w∗)2 +
z2
(M(w+ − w∗))2  1, w  w+
}
∪
{
(w, z)
∣∣∣ (w − w+)2
(w+ − w∗)2 +
z2
(M|w+ − w∗|)2  1, w  w+
}
, (3.8)
where w∗,w∗ and M are deﬁned by (3.6) and (3.7), respectively. Clearly, Gε is a compact set, and it
follows from (3.7) that Gε lies entirely in D .
Properties of the level sets of the Lyapunov-type function (3.4) can be seen in the following lemma.
Lemma 3.3. The set
Ωε :=
{
(w, z) ∈ D ∣∣ L(w, z) L(w−,0) − 2ε} (3.9)
is a compact set, lies entirely inside Gε , positively invariant with respect to (2.8), and has the point (w+,0)
as an interior point. See Fig. 3. Consequently, any trajectory (w(y), z(y)) of (2.8) starting in Ωε exists for all
y  0 and converges to (w+,0) as y → +∞, i.e.,
lim
y→+∞
(
w(y), z(y)
)= (w+,0).
Furthermore, the set
Ω =
{
(w, z)
∣∣∣∣
w∫
w−
h(ξ)
λ(ξ)
dξ + z
2
2
< 0
}
(3.10)
is a subset of the region of attraction of the asymptotically stable node (w+,0) having the saddle point (w−,0)
on its boundary.
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Proof. First, we show that the minimum on the boundary ∂Gε of the set Gε of the Lyapunov-type
function (3.4) attains strictly at the point (w∗,0), i.e.,
L(w, z) > L
(
w∗,0
)
, for all (w, z) ∈ ∂Gε
∖{(
w∗,0
)}
. (3.11)
On the part ∂Gε , w∗  w  w+ , it holds that
z2 = M2(∣∣w+ − w∗∣∣2 − (w − w+)2).
This implies that
L(w, z)|(w,z)∈∂Gε,ww+ =
w∫
w+
h(ξ)
λ(ξ)
dξ + M
2
2
(∣∣w+ − w∗∣∣2 − (w − w+)2)
:= g(w), w ∈ [w+,w∗].
Then, it holds for any w ∈ (w+,w∗) that
dg(w)
dw
= h(w)
λ(w)
− M2(w − w+)
= (w − w+)
(
1
λ(w)
(
s2 − σ(w) − σ(w+)
w − w+
)
− M2
)
 (w − w+)
(
s2 − σ ′(0)
λ(w)
− M2
)
< 0,
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[w+,w∗] and attains its strict minimum on this interval at the end-point w = w∗ , i.e.
L(w, z) > L
(
w∗,0
)
, for all (w, z) ∈ ∂Gε
∖{(
w∗,0
)}
, w∗  w  w+.
Similarly, we obtain
L(w, z) > L(w∗,0), for all (w, z) ∈ ∂Gε \
{
(w∗,0)
}
, w∗  w  w+.
Thus, to prove (3.11), we need only to point out that
L(w∗,0) > L
(
w∗,0
)
. (3.12)
Actually, it holds that
w+∫
ϕ#(w−,w+)
−h(w)
λ(w)
dw >
wm∫
ϕ#(w−,w+)
−h(w)
λ(w)
dw
>
wm∫
ϕ#(w−,w+)
−h(w)
maxϕ#(w−,w+)wwm λ(w)
dw
= 1
maxϕ#(w−,w+)wwm λ(w)
wm∫
ϕ#(w−,w+)
(−h(w))dw
= 1
κ
wm∫
ϕ#(w−,w+)
(−h(w))dw, (3.13)
and that
w−∫
w+
h(w)
λ(w)
dw 
w−∫
w+
h(w)
minw+ww− λ(w)
dw
= 1
minw+ww− λ(w)
w−∫
w+
h(w)dw
= 1
m
w−∫
w+
h(w)dw. (3.14)
From (3.13) and (3.14) and the second inequality in (3.3) we deduce that
L
(
ϕ#(w−,w+),0
)
> L(w−,0). (3.15)
The relations (3.6) and the inequality (3.15) yield (3.12). Thus, (3.11) follows.
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interior of Gε , we prove by contradiction. Assume the contrary, then there is a point U0 ∈ Ωε ∩ ∂Gε .
On one hand, since U0 ∈ ∂Gε it would follow from (3.11) that
L(U0) L
(
w∗,0
)= L(w−,0) − ε.
On the other hand, since U0 ∈ Ωε it would yield that
L(U0) L(w−,0) − 2ε
for ε > 0, which is a contradiction. Thus, the closed curve L(w, z) = L(w−,0) − 2ε lies entirely in the
interior of Gε . Moreover, it is derived from Lemma 3.2 that
dL(w(y), z(y))
dy
 0.
Thus,
L
(
w(y),w(y)
)
 L
(
w(0), z(0)
)
 L(w−,0) − 2ε, ∀y > 0.
The last inequality means that any trajectory starting in Ωε cannot cross the closed curve L(w, z) =
L(w−,0) − 2ε. Therefore, the compact set Ωε is positively invariant with respect to (2.8). The ex-
istence theory of differential equations imply that whenever U (0) ∈ Ωε , the system (2.8) admits a
unique solution for deﬁned for all y  0.
Now, since Ωε is a compact set and positively invariant with respect to (2.8), LaSalle’s invariance
principle implies that every trajectory of (2.8) starting in Ωε approaches the largest invariant set M
of the set
E = {(w, z) ∈ Ωε ∣∣ L˙(w, z) = 0}= {(w, z) ∈ Ωε ∣∣ z = 0},
as y → ∞. Therefore, we remain to show that the largest invariant set M in E is exactly {(w+,0)}.
This can be done by proving that no solution can stay identically in E , except the trivial solution
(w, z)(y) ≡ (w+,0). Indeed, let (w, z) be a solution that stays identically in E . Then,
dw(y)
dy
= z(y) ≡ 0,
which implies
w ≡ w+,
since (w+,0) is the unique equilibrium point in Ωε . Thus, every trajectory of (2.8) starting in Ωε must
approach (w+,0) as y → ∞. Therefore, Ωε is a subset of the region of attraction of the asymptotically
stable node (w+,0) for each ε > 0. Thus, we can take the union of these subsets to get the larger
estimate for the region of attraction⋃
ε>0
Ωε =
{
(w, z)
∣∣ L(w, z) < L(w−,0)}
=
{
(w, z)
∣∣∣∣
w∫
w−
h(ξ)
λ(ξ)
dξ + z
2
2
< 0
}
= Ω,
which establishes (3.10). The proof of Lemma 3.3 is complete. 
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In the rest of this section, we consider the trajectories leaving the saddle point. We are now in the
position to prove the main theorem.
Proof of Theorem 3.1. We have seen from Proposition 2.2 that the point (w−,0) is a saddle point.
Let us now consider the two trajectories leaving the saddle point (w−,0). Since these trajectories are
tangent to the eigenvector < 1, β2(w−) >, where β2(w−) > 0 is the positive root of the characteristic
equation (2.11), one of them leaves the saddle point (w−,0) at y = −∞ in the quadrant
Q 1 =
{
(w, z)
∣∣ w > w−, z > 0}, (3.16)
and the other leaves the saddle point at y = −∞ in the quadrant
Q 2 =
{
(w, z)
∣∣ w < w−, z < 0}. (3.17)
Let us show that the trajectory leaving the saddle point in Q 2 enters the attraction region Ω deﬁned
by (3.10). Indeed, in a suﬃciently small neighborhood of the saddle point (w−,0), says |z| 2sκ/m,
it holds that
λ′(w)z + 2sμ(w) > 0. (3.18)
Multiplying the second equation of (2.8) by z = dw/dy, from (3.18) we get
z
dz
dy
= − z
2
2λ(w)
(
λ′(w)z + 2sμ(w))− h(w)
λ(w)
dw
dy
< −h(w)
λ(w)
dw
dy
, in Q 2 ∩
{|z| 2sκ/m}. (3.19)
Integrating the last inequality over (−∞, y), we get
y∫
−∞
z
dz
dy
dy <
y∫
−∞
−h(w)
λ(w)
dw
dy
dy
or
z2
2
< −
w∫
w−
h(ξ)
λ(ξ)
dξ,
by using the boundary conditions (2.3). This yields
w∫
w−
h(ξ)
λ(ξ)
dξ + z
2
2
< 0,
so that
(w, z) = (w(y), z(y)) ∈ Ω, y < 0, (3.20)
454 M.D. Thanh / J. Differential Equations 251 (2011) 439–456where Ω is given by (3.10). Thus, one stable trajectory leaving the saddle point (w−,0) at y = −∞
enters the domain of attraction Ω . This establishes a saddle-to-stable connection between (w−,0)
and (w+,0). The proof of Theorem 3.1 is complete. 
3.4. Numerical illustrations
In the following examples, the trajectory of (2.8) leaving the saddle point (w−,0) at −∞ and
approaching the stable node (w+,0) at +∞ is numerically approximated by a trajectory starting
near the saddle point and converging to the stable node. We use the solver “ODE45” in MATLAB
to generate approximate solutions of (2.8). To simplify the calculations we assume that the stress
function is deﬁned for all w ∈R.
Example 3.1 (Lax shock). In this example we approximate numerically a Lax shock which remains in
the same phase by a traveling wave. We consider the system (1.1) where
σ(w) = 3w3 − w.
We choose
λ(w) = e2w , μ(w) ≡ 1.
In this case, one has
σ ′(w) = 9w2 − 1,
which vanishes at two values a = −1/3,b = 1/3. The strictly hyperbolic regions are the ones corre-
sponding to w < −1/3 and w > 1/3. The elliptic region is the one corresponding to −1/3 < w < 1/3.
Let us take
w− = 2, w+ = 1.
It is easy to see that these two values w−,w+ correspond to the left-hand and right-hand state of a
Lax shock which remains in the same phase w > 1/3. Fig. 4 shows that the trajectory of (2.8) starting
at the point (w, z) = (w− −0.01;−0.001) near the saddle point (w−,0) converges to (w+,0) = (1,0)
as y → +∞.
Example 3.2 (Phase transitions). In this example we approximate numerically a Lax shock which
crosses the elliptic region and represents a phase transition by a traveling wave. We still consider
the system (1.1) with the same stress function, viscosity and capillarity as in Example 3.1. We choose
w− = 3/2, w+ = −1/2.
As seen in Section 2, ϕ(w) = −w/2 and thus, the set of right-hand states in the hyperbolic re-
gions that can be connected with (v−,w−) by a Lax shock corresponds to the set of w-values
(−3/4,−1/3] ∪ [1/3,3/2). The state (v−,w−), where w− = 3/2, belongs to one phase and the state
(v+,w+), wherew+ = −1/2, belongs to the other phase. Therefor, this Lax shock represents a phase
transition. Fig. 5 shows that the trajectory of (2.8) starting at the point (w, z) = (w− − 0.01;−0.001)
near the saddle point (w−,0) converges to (w+,0) = (−1/2,0) as y → +∞.
M.D. Thanh / J. Differential Equations 251 (2011) 439–456 455Fig. 4. Traveling wave approximating the Lax shock remaining in the phase w > 1/3 in Example 3.1.
Fig. 5. Traveling wave approximating the Lax shock undergoing a phase transition in Example 3.2.
456 M.D. Thanh / J. Differential Equations 251 (2011) 439–456References
[1] N. Bedjaoui, C. Chalons, F. Coquel, P.G. LeFloch, Non-monotone traveling waves in van der Waals ﬂuids, Ann. Appl. 3 (2005)
419–446.
[2] N. Bedjaoui, P.G. LeFloch, Diffusive-dispersive traveling waves and kinetic relations. III. A hyperbolic model from nonlinear
elastodynamics, Ann. Univ. Ferrara Sez. VII Sci. Mat. 44 (2001) 117–144.
[3] N. Bedjaoui, P.G. LeFloch, Diffusive-dispersive traveling waves and kinetic relations. I. Non-convex hyperbolic conservation
laws, J. Differential Equations 178 (2002) 574–607.
[4] N. Bedjaoui, P.G. LeFloch, Diffusive-dispersive traveling waves and kinetic relations. II. A hyperbolic–elliptic model of phase-
transition dynamics, Proc. Roy. Soc. Edinburgh Sect. A 132 (2002) 545–565.
[5] J. Bona, M.E. Schonbek, Traveling-wave solutions to the Korteweg–de Vries–Burgers equation, Proc. Roy. Soc. Edinburgh
Sect. A 101 (1985) 207–226.
[6] H. Fan, A vanishing viscosity approach on the dynamics of phase transitions in van der Waals ﬂuids, J. Differential Equa-
tions 103 (1993) 179–204.
[7] H. Fan, Traveling waves, Riemann problems and computations of a model of the dynamics of liquid/vapor phase transitions,
J. Differential Equations 150 (1998) 385–437.
[8] B.T. Hayes, P.G. LeFloch, Non-classical shocks and kinetic relations: Scalar conservation laws, Arch. Ration. Mech. Anal. 139
(1997) 1–56.
[9] D. Jacobs, W. McKinney, M. Shearer, Travelling wave solutions of the modiﬁed Korteweg–de Vries–Burgers equation, J. Dif-
ferential Equations 116 (1995) 448–467.
[10] D. Kröner, P.G. LeFloch, M.D. Thanh, The minimum entropy principle for ﬂuid ﬂows in a nozzle with discontinuous cross-
section, M2AN Math. Model. Numer. Anal. 42 (2008) 425–442.
[11] P.G. LeFloch, Hyperbolic Systems of Conservation Laws. The Theory of Classical and Nonclassical Shock Waves, Lectures
Math. ETH Zürich, Birkhäuser, 2002.
[12] P.G. LeFloch, M.D. Thanh, Nonclassical Riemann solvers and kinetic relations. III. A nonconvex hyperbolic model for van der
Waals ﬂuids, Electron. J. Differential Equations 72 (2000), 19 pp.
[13] P.G. LeFloch, M.D. Thanh, Nonclassical Riemann solvers and kinetic relations. I. An hyperbolic model of elastodynamics,
Z. Angew. Math. Phys. 52 (2001) 597–619.
[14] P.G. LeFloch, M.D. Thanh, Nonclassical Riemann solvers and kinetic relations. II. An hyperbolic–elliptic model of phase
transition dynamics, Proc. Roy. Soc. Edinburgh Sect. A 132 (2002) 181–219.
[15] P.G. LeFloch, M.D. Thanh, Properties of Rankine–Hugoniot curves for Van der Waals ﬂuid ﬂows, Japan J. Indus. Appl.
Math. 20 (2003) 211–238.
[16] P.G. LeFloch, M.D. Thanh, The Riemann problem for ﬂuid ﬂows in a nozzle with discontinuous cross-section, Commun.
Math. Sci. 1 (2003) 763–797.
[17] P.G. LeFloch, M.D. Thanh, The Riemann problem for shallow water equations with discontinuous topography, Commun.
Math. Sci. 5 (2007) 865–885.
[18] M. Shearer, Y. Yang, The Riemann problem for a system of mixed type with a cubic nonlinearity, Proc. Roy. Soc. Edinburgh
Sect. A 125 (1995) 675–699.
[19] M. Slemrod, Admissibility criteria for propagating phase boundaries in a van der Waals ﬂuid, Arch. Ration. Mech. Anal. 81
(1983) 301–315.
[20] M. Slemrod, The viscosity–capillarity criterion for shocks and phase transitions, Arch. Ration. Mech. Anal. 83 (1983) 333–
361.
[21] M.D. Thanh, Existence of traveling waves in elastodynamics with variable viscosity and capillarity, Nonlinear Anal. Real
World Appl. 12 (2011) 236–245.
[22] M.D. Thanh, Traveling waves of general scalar conservation laws with singular diffusion and nonlinear dispersion, Bull. Mal.
Math. Sci. Soc., in press.
[23] M.D. Thanh, The Riemann problem for a non-isentropic ﬂuid in a nozzle with discontinuous cross-sectional area, SIAM J.
Appl. Math. 69 (2009) 1501–1519.
[24] M.D. Thanh, Attractor and traveling waves of a ﬂuid with nonlinear diffusion and dispersion, Nonlinear Anal. 72 (2010)
3136–3149.
[25] M.D. Thanh, Global existence of traveling wave for general ﬂux functions, Nonlinear Anal. 72 (2010) 231–239.
